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Abstract 

This short report establishes some basic properties of smooth vec- 
tor fields on product manifolds. The main results are: (i) On a product 
manifold there always exists a direct sum decomposition into horizon- 
tal and vertical vector fields, (ii) Horizontal and vertical vector fields 
are naturally isomorphic to smooth families of vector fields defined on 
the factors. 

Vector fields are regarded as derivations of the algebra of smooth 
functions. Basic ideas are taken from Chapter of Ref. [2]. 

Basic Properties 

[21 0.2.25] Let M, N be different iable manifolds. A product manifold will be 
denoted by V = M x N. The smooth maps 

7t M ■ V ->• M and ir N : V -)■ N 

will be called the projection maps of V. 

[21 0.2.26] For each no G N the smooth map 

i no : M — > V, m h-> (m, n Q ) 
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will be called the embedding at n into V. Similarly, the smooth map 

j mo : iV -> V, m h-> (mo, n), 

m G M will be called the embedding at m into V. 

[21 0.2.9] The algebra of smooth functions on M is denoted by C°°(M). 

[21 0.4.1] A smooth vector field on M is a derivation of C°°(M). The C°°(M)- 
module of all vector fields on M will be denoted by X(M). 

Let X(M) be some space defined over M. Consider the family x = {x n G 
X(M)}„ g Ar. The space of families x on M will be denoted by X(M,N), 
subject to some smoothness requirements. 

In particular, each g = {g n G C°°(M)} n( z N defines a function 

f:V^-R, v^g n (m), (m,n) = (tc m ,ti n )v. (1) 

If / G C°°(y) the family g is said to be a smooth family of functions. The 
space of smooth families of functions is denoted by C°°(M, N). Conversely, 
each / G C°°(V) defines g G C°°(M, N) by 

= Kfh (2) 

and the two constructions are inverse to each other. Equations ([!}), ([2]) define 
a canonical isomorphism 

C°°(M,N) = C°°(V). (3) 

[21 0.6.10] Consider the family w = {w„ G X(M)} neA r. The family will be 
called a smooth family of vector fields on M if it is a derivation on C°°(M, iV), 
defined by 

w : {g n } ^ {w n (^ n )}. 

The space of smooth families of vector fields will be denoted X(M, N). 

Remark. In case factor iV is 1-dimensional, we will call {w n } also a smooth 
n-dependent vector field. 
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Isomorphism provides a natural embedding 

lx(m,n) ■ X(M, N) m> X(V), {w„,} ^ v, 

where 

i* n v(f) = w n (ej), VfeC°°(V). (4) 

Moreover, define the C°°(V)-linear map 

:X(V)^X(M,N), v^{w n }, 

where 

w n {g)=i* n v(^ M g), \/geC°°(M). (5) 

By interchanging the roles of M and iV we arrive at similar maps ix{n,m) an d 
7Tx(jv,m), respectively. 

Definition. Define the spaces 

X N (V) = {v € 3£(V) | v(tt^/i) =0 V7i G C°°(iV) }, (6a) 
£ M (y) = {v G | v(tt^) = Wge C°°(M)}. (6b) 

Vector fields in Xn(V) and Im(^) are called horizontal and vertical vector 
fields with respect to the first factor, respectively. 

Remark. There are equivalent definitions 

X N (V) = {v G £(\/) | (T^ryXv) = Vry G ^(iV) }, 
£m(V) = {v G I (7r^w)(v) = VwG ^(M)}, 

where J-" 1 denotes the space of differential 1-forms. 

Theorem. Decomposition of vector fields on product manifolds. 

1. JE, 0.4-20] Every vector field on a product manifold may be decomposed 
into a horizontal and a vertical component, 

X(V) = X N (V)®X M (V). (7) 
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2. The projection maps related to decomposition (|7j) are 

n X N (V) = 1<X(M,N) ^X(M,N) '■ £(V) — > %n(V) 
n X M {V) — *>X(N,M) ° ^X(N,M) '■ 

X(V) ->• £ M (V) 

5. T/iere are natural isomorphisms 

L X{MtN y.X(M,N)^X N (V) 



(8) 



(9) 



l x(n,m) '■ %(N , M) > Xm(V) 
4- The following sequence is exact: 

X(M, AT) X(F) X(iV, M) -> 0. (10) 

Proof. Let {w n } = 7r 3 -(Af,Af)V, v = ^(A/,7V){w n } in the sequel. Then \/g G 

C°°(M) 

Wn(j) = C v K/#) - W n (i>^) = W„(s) 

«w„ = w„« {w„,} = {w n } 

^ ^X[M,N) ° t-X(M,N) = Id.3E(M,JV) i (11) 

where we took into account 71*^ oi n — Idjvf . Equation (ITTj) implies 

Ker(tx (M)JV) ) = 0, (12) 
M*x(M,JV))=£(M,iV). (13) 

Moreover, it follows that 7T£ M (y) is idempotent, 

7TX M (y) ° 7T3£m(V) — ^X(M,N) ° ^X(M,N) ° ^X{M,N) ° ^X{M,N) 

= tX(M,N) ° ^X(M,N) = 7Tl M (V), (14) 

hence a projection. It induces a direct sum decomposition 

X(V) = Im(7T£ M (v)) © Ker(7r XM(y) ) 

= Im(t x(M ,7v)) © Ker(7r x(MiJV )). (15) 
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Consider Wg G C°°(M) 

{w n } = & w„ = <£> w n (ff) = 

8 C v Om#) = 8 v K/f ) = 0, 

therefore 

Ker(7r x(MiA r)) = {v G £(V) | {w n } = tt x(m ,n)^ = 0} 

= {v G | v(tt^) = V S G C°°(M)} 

^Xm(V). (16) 
Pick / in flU) according to / = 7r^/i, /i G C°°(N), which yields 

i* n v(7r* N h) = w n (i* n ir* N h) = 0, 

where we took into account n N o i no : M — >■ AT, m i-)- n . But then V/i G 

C°°(iV) 

Cv(tt» = 8 v(tt^) = f? v G ^(V), 

from which we infer that lm(Lx(M,N)) Q %n(V) = Ker(7r£(jv,M))- The direct 
sum decomposition 

Ker(7r X (jv,M)) = Im(ts(M,iV)) © 3 (17) 

of submodules follows. Equations ({12]) and (fl3|) imply dimlni^^A^)) = 
dimM and dimKer^x^M)) = dimF — dimiV, respectivefy0. Therefore, we 
receive from ( 1TT1) 

dim F = dim M + dim iV + dim 3 , 

hence 3 = {0} and 

Im(Lx {M;N) ) = X N (V). (18) 

Now (ED follows from flUD with fTTB]) and fllBjl. p follows from (tTJ) with 
dUD, © follows from (fl2l) and fllgjl . (ITU]) follows from (JT2D, (USD with (HHD 
and ([TD. □ 



1 By [1] Thm. 11.32], the modules considered here are isomorphic to modules of sections 
of smooth vector bundles. Therefore, we can identify ranks of modules with dimensions 
of vector bundles. 
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Remark. The Theorem naturally generalizes to product manifolds with more 
than two factors. Suppose we have V = M x N x L. Define on top of 

X L (V) = {v G X(V) | v(tt2/) = V/ G C°°(L)}. 

We have the horizontal subspace %nl(V) = Xn(V) D Xl{V), and the two 
vertical subspaces %lm(V) = Xl(V) n 3£Af(V r ), and 3£mat(V) = 3£m(V) D 
Xn{V), respectively. Decomposition ([7]) now reads 

3t(V) = X,v L (y) © X LM (V) © X M iv(V), 

with projection map 

K^NLiV) — L X(M,NxL) °^X(M,NxL) ■ X(V) — > Xnl(V), 

and natural isomorphism 

lx(m,nxl) ■ X(M,N x L) ^ X NL (V). 

The remaining two projection maps and natural isomorphisms are obtained 
by cyclic permutation of M, N, and L. 

There is no exact sequence similar to ffTUl) . though. It rather holds that 
Ker^M^xi)) = X M (V), and therefore 

lm(L X (M,NxL)) = Ker(7r x(A r iLxM) ) nKer(7r x(LiMxAr) ). 
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